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Basics of Field Theory

1. Cartesian Coordinate System.

g, ay and a,

In the Cartesian system, the 3 base vectors are * Any point in space

o Py tombit-aybs
can be written in the form, AR o T

where (x, y1, z1) are the coordinates of the point P in the Cartesian spacg w
is the intersection of the three planes x = x1,y = y1, Z = z1. The dista
point from the origin is given by,

- O

2
The figure below depicts point P in the Cartesian C te/System. As you can
see x1,y1 and z1 can also be understood as the p ndigular distance of point P
from the YZ, XZ and XY plane,

O

. differential length, differential surface and differential volume are
iven by,
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dl = dxisz + dyby + dzé
TS » = dydza,
—_—
dSy = drdza,
«Tg' : = dudya.
AV = durdydz

2. Cylindrical Coordinate System.

In the cylindrical system, the three base vectors are “* ¢ @ =

Y
. . P =ria, +das + z1a=
space can be written in the form, ' Y ,

where (r1, 1, z1) are the coordinates of the point P in t dfical Space. The
point P is the intersection of a circular cylinder surf half-plane

containing z-axis and making an angle ¢ = @1 wi plane and a plane z =
z1 parallel to the XY plane. ¢ is measured fro itive x-axis and the base

vector "ay is tangential to the cylindrical 310

The distance of the point from the origin is given by,

g g
|P|=y/ri+z

« The values of the 3 coordinates vary as follows,
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A ()
del0.27)

2 (=%, )

. the differential length, differential surface and differential volume are given
by,

dl = dri, + rdpags + dza,

3, = rdédsi,
R.',a, = drdzag O
I';'z = rdoudrit. O
dV = rdrdgd=
4
3. Spherical Coordinate System. @

In the Spherical system, the 3 bases are "ar, "a@and§a®. Any point in space can
P =i, 4 016+ $ya

&2 in the Spherical Space. A point
re’specified as the intersection of the
urface centred at the origin and has a

pex at origin and half angle 61 and a half-
n angle ¢ with the XZ plane,

be written in the form,

where (r, 6, ¢) are the coordinates of
P(r1, 81, 1) in the spherical coor

following three surfaces: a sphgsi
radius ry, a right circular con @3
a

plane containing z—axi‘s d

e
p=rsind

P(x, v, 2) = P(p, 0, §) = P(p, 4 2)

z = rcos) r

x/
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fﬁl=r:

« The distance of the point from the origin is given by,
« The values of the 3 coordinates vary as follows,

rel0.oc)
fel0, )
@, 2r)

. the differential length, differential surface and differential volumeg@re @iven

O
(7’ = dra, + rdfiag + rsinldoay Q

dS, = r2sin 0dOdda, o
dSg = rsinWdrddag @
(T“:..'a = rdrdbia,

dV = r? sin Odrdbde O

3. Scalar and Vector Products

o Dot Product is also caII:%oduct Let ‘®’ be the angle between
vectors A and B.

y

J

B | cost
w
o Cross produck: is ﬂs alled vector product.

~
[

7 [K'x B = 1Al B sin0 ,

= |S| an where [S| = |A| |B| Sin®, To find the direction of S, consider a right
threaded screw being rotated from A to B. i.e. perpendicular to the plane

containing the vectors A and B. therefore, AxB=-(BxA)

Cartesian coordinate to Cylindrical-coordinate Conversion:
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Point transformation,

p=qfx*+y*

p=tantY
x

Z=Z

or

X = pCcosé O
= psing ¢
Z=2Z

4
The relationship between are vector transformatio @

The relationship between 3,3 ,3, and 3 ,@eﬂﬂr transformation,
4, =cos 3, -sing 3,
a, =sing 3, + cos¢ 3, K

R

or a, = cosga, + Em?

-

3, = —sin$a, +coga,

o 4

d; =4;

Finally, lationship between (Ax, Ay, Az) and {Ap:‘%:‘ﬂ'z] are

A C sing 0] )A,
sing cos¢ 0[|A,
0 0 1 A

A, |cosé -sing O|fRe
Agl=[sind  cosd 0|7,
A 0 0 1 A
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Cartesian coordinate to Spherical coordinate:

Point transformation,

r = ,,fxz+yz+zz
8 tant \{xz+y2+zz
il
-1Y
=1B —_—
ar
X=rsintcoso @’
Y =rsingsind
Z=rcosg
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The relationship between a3 3,

and 3., 3, 3, are
3, =sin8cos¢ 3, +cosBcos a; —singa,

a, = sin@sing 3§ + cosBsing 3; + cos$3,

3, = o543, —sina,

i

. =sinBcos$a, +sinBsinga, + cosga,

3; = CO5B S$a, +CosSBsINga, —singa, O

3, = —sSin$a, +cosda,

Finally, the relationship between (Ax, Ay, Az) @rhr‘ ,A¢} are

Vector transformation,

A singécosy sSingsing  cosé

Ag|=|cosBcos$ cosEsing —sing

Ad —sing COS$

Al |sinBcosé cnsﬂcn% B

A |=|sinBcosy cose gl 05§ |[Ag

Az COS —&i 0 |lA,
¢

gra fV, VV, will always be perpendicular to a constant V surface. If =
is said to be the scalar potential of
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) ) ) gradV = a
rate of increase of a scalar is the gradient of that scalar.

It can be shown that the gradient operator in the three coordiantems are

4
VIN= gpr o+ v e, +5F o (Rect Q:rdinatesj
= .
oV eV eV

VIV = o+ ap+—a. lindrical coordinates
o %t @ (cy )
VI = ul o, + IBFEIE+ (Spherical coordinates)

cr reé r 5 &

i

. Adivergence o‘ 0
. represented through'div
represent vector fi

r Fi€ld: The spatial derivatives of a vector field are
ence and curl. It is usually convenient to
riations in space as field lines or flux lines whose

directions jndigategheidirection of these lines.
et N 1 //'
S
ey | r T
| ) - e e - — —
1 l\‘\\“"-"/////' Ty S
> L < 4N
' ~N — / i \
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« Divergence of a vector field jat a given point P is the outward flux per unit
volume, as the volume shrinks about P. Divergence of a vector field is a

—_——
D R iy, . §s A.dS
divd =V A = _\l‘l-lﬁu NG

scalar
« The divergence operator in the 3 coordinate systems:

84,  #4y, 384,
V.A= (B_x+ 3 +¥) (Rectangular)
—18(p4g) 1829 , 34,
V.A=2800  12e 2 (cylindrical) O

_ 1 8(riag 1 JsinfaAy) 1 day
V'A-r‘ 3t +rnné‘ 38 +r:ln6 P (Spheri

*

The divergence theorem relates the divergence or field Kto the surface

integral over a surface. It is given by ﬁ : where S is the surface

sources’ which causes cj of a vector field around it, Ifj is a force
acting on an object, ci c@ ould be the work done by the force in
roun

d the contour. The cquI of a is a vector

and V in the volume enclosed by the sur
e Curl: Similar to a flow sou offields can also exist as 'vortex
[ation
i

moving the objec

whose magnitudetg the maximum circulation of a per unit area, as the
area tends totzero. direction of the curl is the normal direction of the
area whe reﬁs riented to make the circulation maximum.

es Theorem relates the curl of a vector field jto the line integral of a
ver a contour C. It is given by,

f Al =/<\‘.‘ x A).d8
(& S

« Given below is the V operator in the 3 coordinate systems
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[ ay a, a. ]
g ¢ .
Vxd=| — — — (Rectangular coordinates)
dx &y o=
4 4 4]
a, pa, a.
Vxd= [ij e ¢ @ (Cylindrical coordinates |
pilép o¢ z

A, pdp A O
a, rag rsin E'al‘b 0
1 b5 e

¢
VA= ( )l— —_ _ (Spherical coordi 'S
r*sing /|ér c8 c

3. Laplacian Operation Q
The Laplacian of a scalar field V in diffégent dinate systems is defined as

N 2y 2
VI = %4- i‘l_;:+g (Rectangular coordinaw
18 ary 1év &
+ 5)

V3V=—T[9—J+—:—: 1—V (Cylindrical cogrdi
péo\"ép) pog &

i 4
viy=12f ;sﬂ]+ ] i[s,-,,
reér, &r) r'sindée

Sl aer i,

lacian of a vector function is a vector function.

Electrostatics
In this article, you will find the Study Notes on Electrostatics which will cover the

topics such as Force of interaction between two charged particles, Electric Field
due to Infinite Line Charge, Electric Field due to Uniformly Charged Ring,
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Electric Field due to Infinite Sheet of Charge, Superposition Principle of Fields,
Electric Flux, Electric Potential, Dipole Moment, Electric flux lines and Electric
field due to Dipole etc

o Coulomb’s Law describes the electrostatic interaction between two
charged particles.

« It can be derived by combining the equation for the electric field around.a
spherical charge.

« According to Coulomb's law, the force acting between two point ghar

is:
o directly proportional to the magnitude of each charge.Q
o inversely proportional to the square of the separati n their
centres, and
heli

o directed along the separation vector connecting t entres.

« The force acting between two electric charges,i ial, inverse-square,
and proportional to the product of the chargés.
« Itis aninverse-square law, given by:

O
F12= (ke Q1 Q2) / 1? Q&
Q
L 2

L 4
Origin

e Whe nd Q2 are the magnitudes of the two charges respectively and r
jstance between them, F12 is the force on particle 1 from
ticle 2, ke is called as Coulomb's constant (ke = 8.99x109 N m? C?), and
0 1S vacuum permittivity (8.85 x 10712 C2/Nm?).

« Fi2=—F21 and |F12| = [F21|, it means that force acting on charge Q2 due to
Q1 is always equal to the force acting on charge Q1 due to Q2 magnitude
but opposite in direction.

« The signs of Q1 and Q2 must be taken into account means for the same
polarity charges Q1Q2 > 0 and for opposite polarity charges Q1Q2 < 0.

« Coulomb'’s force obeys the law of superposition.

Page 12 of 29
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« Note that when both particles have the same sign of charge then the force
is in the same direction as the unit vector and the particle is repelled.
« The Sl unit of electric charge is the coulomb (C)

Force per unit charge is called electric field intensity

line charge:
-t e
2T g p

Where p. is line charge density in C/m and r is radial distance. QO
f h :

surface charge @ .

.E= ps

2g,

Where ps is surface charge density in C/m n¥s unit vector normal to the
plane containing the sheet.

Electric Field due to Infinite Lin%&

Infinitely straight line
carrying a chargep ,
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Consider an infinitely long straight line carrying uniformly line charge having
density p. C/m.

The electric field intensity at point P.

Pr a

E= .
5 d
2T Eyr

Electric Field due to Uniformly Charged Ring

Consider a charged circular ring of radius r placed in XY plane wi
origin. Carrying a charge uniformly along its circumference. Thé
is pr C/m.

Electric Field due to Infinite Sheet of Charge

Consider an infinite sheet of charge having unif surface charge density
ps C/m?, placed in XY plane. We want to find E offit P present at the z-axis.

P=rre)

x/ ¢

Electric field due t
infinite sheet of ar%

Su ition Principle of Fields

The tric field of a point charge is a linear function of the value of the charge.
The fields of more than one point charge are linearly superimposable by vector
addition. This is the principle of superposition applied to the electric field and
states that the total resultant field at a point is the vector sum of the individual
components of the field at the point.
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Electric Flux

It may be defined as

L‘=fD-d9

Where D is electric flux density and it can be given as

D = go E = Electric flux density (C/m?)

where, g9 = Permittivity of the vacuum = 8.854 x 1072 F/m O
Electric Potential Q

The Work was done per unit charge or potential energy@it‘charge is known
as potential difference.

W 2 0 |1 1

Vo=-2=— [ Ed=—]———|=7
0 4 47z, /R, R,

Electric field intensity can be giv egative potential gradient of electric
field i.e,
E=-w 0
The electric field is irrg ti conservative in naturei.e, VxE=0
Note: Electric dipolajis fo when two points charged of equal magnitudes

and opposite po are separated by a small distance.

s the distance vector from —Q to Q.
Electric field Intensity at a Point due to a Dipole

An electric dipole or simply a dipole consists of two point charges of equal
magnitude and opposite sign, separated by a very small distance.

Page 15 of 29
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P

O O

+Q e—— | —— -Q

Dipole moment

Field due to Dipole

The field due to a dipole at a very large distance from the dipole.

+

A/ - \
[ /) )
” b |

s 4

Field due to dipole O
g-_F -[2cosfa, + sinFa,] QK
Amzs,r 0

where, p = Q/
and ar, as = Unit vectors \

OQ—\&»O

S.No. Cha@ Electric Field | Potential
1 On rge (monopole) 1 1
Er::)cr2 Vg

int charge (dipole) E o 1 V o 1

I':j 152

Three-point charge (tripole) E o 1 V o 1

I'd I'3

4 Four-point charge (quadruple) E o 1 V o 1
I"5 I'd
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Electric Flux

The electric field at any distance r from a point charge in free space.

E= 9 -
Amsr”

H.’-

Newton/Coulomb

Electric field from a poj
charge ¢

With E as a vector ifyfree space, €k is designated by a symbol D; called electric
flux density *

D=¢gyE

f the normal component of the vector D over a surface is defined as
ic flux over the surface.

Elec Flux Lines

An electric flux line is an imaginary path or line which is drawn in such a way that
its direction at any point is the same as the direction of the electric field at that
point. The electric flux density (D) is always tangential to electric flux lines.
Electric flux lines are also called electric lines of force.
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Electric flux lines

Electric field emanates (or originates) from a positive and terminatnds)

on a negative charge. g
An equipotential surface is a surface on which potentially remai e same

throughout the surface and there is no potential differe &¥lux line or force
line for an equipotential surface is known as an equi e on equipotential
surfaces or equipotential lines, the potential diff cebetween any points A and
B is always zero.

Electrostatic Energy Density O
1 1 , D° K

wo-ipp-lopo 2 \Q
2 2 28,

Introduction to Gauss'sdaw OQ

ductor and example on Gauss's Law
Applications and Diver e flux density, electric field and potential.

« The total of the electtic flux out of a closed surface is equal to the charge
enclosed dixided by thé permittivity.

. Totale y through any closed surface is equal to the total charge
enclps at surface.

s Gauss law also helps us understand the distribution of electric charge
ed on a conductor.
he area integral of the electric field over any closed surface is equal to
the net charge enclosed in the surface divided by the permittivity of space.
Gauss' law is a form of one of Maxwell's equations.

0, =§.D-dS=v
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U= L Dds = prdV;
V-D=p,
(Maxwell’s first equation)

« Net flux through a surface is equal to the net charge enclosed by th
volume occupied by the surface.

(Maxwell's fir_st equation)
dA
X" O

Volume charge density
over a closed surface

Where, rv = Volume charge density @ _ | ;
« Total charge enclosed: Q : : ,
ch = f;pf PP’mJ ‘

o Gauss's law is angltefn atement of Coulomb’s law. Proper
application of the e theorem to Coulomb’s law results in Gauss’s
law.

o Coulomb’s |
configurati

isa able in finding the electric field due to any charge
t ‘s law is applicable when charge distribution is

Dive e of the Flux Density

E be a simple solid region and S is the boundary surface of E with
itive orientation.

Let D be a vector field whose components have continuous first-order
partial derivatives.

Then, the divergence of a vector field D is defined at any point as

Page 19 of 29
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fﬁ D-ds
divD = lim ~—>=~————
Ar—0 AF

divD=V-D=p,

dvE=V.E=

—_

(Gauss's law in differential form)
$.Dds=[ (V-Dyar

(Gauss's law in integral form) O
Magnetostatics

Biot-Savart’'s Law

2
It states that the differential magnetic field intensit odticed at a point P by
the differential current element Id/ is proportiona roduct /dl and the sine

to the element and is
R between P and the

of the angle a between the element and the lin

inversely proportional to the square of the di
element.

p K
o R H (inward)
O
2
/\

Magnetic field intgnsity

X g _.
= Ampere !/ metre

« Different current distributions are related as /Id/ =K dS = J dV
Introduction & Ampere's Law in differential and integral form.

Ampere's law allows the calculation of magnetic fields.
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Ampere's circuital law states that the line integral of the magnetic field
(circulation of H) around a closed path is the net current enclosed by this path.

Ampere's law in differential form:
2,

Ampere's law in integral form:

[ ©xBpda= §5-ai=p, [ Foda=p0)
Surice Lins Surface Q

Ampere’s Circuit Law: @ <&
55H-df= L =[J.ds

The configurations that can be handled by0 s law are:

« Infinite straight lines

« Infinite planes K
« Infinite solenoids
. Toroids O

Electromagnetic fielde,

A time-varying magpetic produces an electromotive force (or emf) which
may establish a current ig.a €losed circuit,

=

. oW
emf T A
For former,
V... = —fﬁ_ds
: &t

and for motional emf,

" =—[(uxB)-di

emf T
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where u is called energy density
* Displacement Current
I, =[Jds

where

D
J,= =

5 O
is known as displacement current density.

Reciprocal of attenuation constant is known as skin depth or p&tion depth.
It measures the depth at which field intensity reduces t |é@tron of the
original value.

Skin depth

4

The Poynting vector P is the p w ctor whose direction is the same as
the direction of wave propagaé

P=ExH %

=

* Lossless dielectrics
0=0,€=¢€o U= ko OF O << WE

* Lossy dielectrics
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0#0,&=¢geEog U= Urlo

* Good conductors

0=00,€& =€y MU =UloOr 0<<we

Where o is conductivity, € is permittivity and p is the permeability of the medium.

Divergence is a dot product between the gradient operator (the flipped e)
and the vector field, also the curl is a cross product of the gradient o ra
the vector field.

Using the Biot-Savart law for a volume current we can caIcuIat@ivergence
and curl of : V+B =L
4
iated with a set of
re is no magnetic field.
ing magnetic field
rl up in response to current

The curl of an electric field is zero. The electric field
stationary charges has a curl of zero. In this situati
Electric field lines curl up in opposition to a ti

(Faraday's law of induction). Magnetic field Jing
flow, ie. moving charges (Ampere's law, fir e@

W,
All the Best. (

Introduction to Boundary condi the Magnetic field.

).

Lorentz force is the forfe,on an trically charged particle that moves through

a magnetic plus an eleatri ¥The Lorentz force has two vector components,

one proportional to the tic field and one proportional to the electric field.
def

The magnetic fi d by Lorentz Force Law, and specifically force on a

moving char

F=qv

Forcetin'an electrostatic field
F=Q

Force in a magnetostatic field

F=Q(uxB)
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So, net force in electromagnetic fields

F=Q(E+uxB)

* Force experienced by a current element Id/ in magnetic field B is
dF =Id/xB

* Magnetic flux density can also be defined as the force per unit curren nt:

* Magnetic moment O
m = [San Q

* Torque onacurrentloopT=mxB=[/SanxB *
* For linear materials, magnetization M = xmH @
8 K
qL, , OC

Positive test charge

m

-

¢

* Boundary conditions fo‘ netic fields
B1n = Ban

(H1 = Hg) x K

An Haif K=0

Magnetic Energy & Inductance relation.

« Induction of an electromotive force occurs in a circuit by varying the
magnetic flux linked with the circuit.
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« From Faraday's law, the concept of Inductance may be derived from the
property of an electric circuit by which an electromotive force is induced in
it as the result of a changing magnetic flux.

« Inductance L may be defined in terms of the electromotive force generated
to oppose a change in current Al in the given time duration At.

Emf = -L (Al) / (At)

« Unitfor Lis Volt Second / Ampere = Henry.
1 henry is 1 volt-second / ampere.

If the rate of change of current in a circuit Al / At is one amp @
second and the resulting electromotive force is one voIt, -

inductance of the circuit is one henry.
Since emf results due to the rate of change of magnetic fl0%, inductance L
may also be defined as a measure of the amoun gfietic flux ¢
produced for a given electric current | as: L = ere the inductance L is
one henry, if current | of one ampere, prod netic flux ¢ of one
weber.

For an inductor of inductance L,
W= 1 O
2

The energy in a magnetostatie¢SH4i

1
W, ==JBHAV
Inductance is definedfas
I A Ny 4

Introducti aﬁn omotive Force

Magnetemotive Force (MMF) performs a similar role in a magnetic circuit
to,th tromotive force (EMF) of a battery in a basic electrical circuit,
u ing as the '‘prime mover' of an electromagnetic system.

*'Tllns =
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The MMF resulting from passing an electrical current through a coil is
given by the electrical current flowing through the coil multiplied by the
number of turns, as shown in the following equation:

Equation: MMF, Fm =1 x N.

MMF is measured in amperes (A) rather than ampere-turns, since 'turns' is
not an Sl unit.

Magnetomotive force is also used in the derivation of magneti
strength (H), as shown below. H= IN//=Fmn /|

Fm=HI Q

Inductance Introduction @ P
Magnetic circuits are analogous to resistive i€ circuits if we define

the magnetomotive force (MMF) analogo thewoltage (EMF). The flux
then plays the same role as the current in‘electronic circuits so that we

define the magnetic analogue to resi @ e as the reluctance
(R).

MMF = ®R

\

R is proportional cal of the inductance.

The reluctance o rm gap, without leakage, is, therefore:
11 4
R=__°=
lu3 ‘i_E_'
Calcul e electrical resistance of a wire or bar of uniform cross-section:

where o is the wire material conductivity, | the length and A is the wire cross-
sectional area.

Req. = R1+ R2+ Rz +...
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Reluctances in Series: The combination of reluctances in series, with a common
flux-path, results in:

Reluctances in Parallel: Flux in a magnetic circuit may flow in various leakage
paths, as well as the useful ones. It can be shown, by considering two parallel
flux-paths, with flux driven by the same MMF, that the equivalent reluctance for
two reluctances in parallel is:

1

Re =11 1

—+—+—+..

R R, R O
Maxwell's, Poisson's & Laplace equations Q
Maxwell’'s Equations in Time-Varying Field @ ¢

« Maxwell's equations in point form
1. (Faraday’s Law)

VxE= _%B
&t
2. (Modified Ampere’s circ it&
VeH =P Q
(O
3. (Gauss’s&
V-D=p,

H-dux<B)dl=I+ S—D-ds
: ! s @t

L D-fiﬁ*zﬁ; o,dV

LB-d.S*:D
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Key Points

For static fields (or non-time varying fields)

95 =0 and 2 =0

ot ot
The basic equations of electromagnetism are the four Maxwell Equations and
the Lorentz force law. In principle, these, together with Newton’s second la
motion are enough to completely determine the motion of an assembly

charges given the initial positions and velocities of all the charges. Maxiell

equations are,
Vee=p/z, (1)
V=0 (2 Q

ob

Vxeg=——_(3
% & p (3) @0

the fields are the volume charge ity ®and the current density. The two
parameters in these equation ermittivity of free

a — 012\ 1 et
space ~° =835-1077 F and t ermeability of free space Ho =1.26-10 Hm.
The vector, differentia n these equations is defined as

ax Ay
these equati be used to determine the fields if the charge and current
densities wn. Once the fields are known, the force felt by a given

In principle, Equations (1)-(5) constitute all electromagnetic. However, in practice,
the charge and current densities associated with matter are too complicated to
specify and so a phenomenological means of dealing with the matter is often
introduced.
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Maxwell Equation for Time-Varying Field :

[ Beds~0

S.N. Differantial Integral form Name
form
| = é Faraday’'s law of
VM JEod~ ‘?J;a 5 electromagnetic
induction
2. o 1) . B Modifled Ampere’s
Paele | UMe=f{Iv 55008 circuital law
3. VeD=p, I DOdS-I p.dv Gauss' law of
» v Electrostatics
4. VeBaul Gauss' law of

Magnetostatics (non-
existance of magnetic
mono-pole)

Maxwell Equation for Time-Varying Field in Free Space

S.N. Differentioal Integral Form Name
Form

1. éB é

v'E'-FE Le.d:.--aj”a.cs
& VaH=-8 [Hed=[ Lods

ot L st
3. VeD=0 Ip.as.o
4. VeB=0D Ia.us-o
'
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